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The engineering of high rate electrochemical energy storage devices can benefit from analysis techniques
that can accurately attribute charge storage to individual energy storage mechanisms. A new time-
domain analysis for potentiostatic intermittent titration technique (PITT) experiments that uses Laplace
domain representations of impedance is presented for the characterisation of charge storage in electro-
chemical systems where charge can be stored via a combination of Faradaic processes and electric double
layer storage. The derivation of this model is presented, along with a proof that the model collapses into
the single electric double layer storage model or the Faradaic charge storage model under limiting condi-
tions (infinitely restricted diffusion or zero capacitive storage, respectively). The parameter space of the
model is explored, along with an evaluation of when the simpler, single process charge storage models
can be used in place of the more complex two-mode storage model. The model is validated with an electric
double layer capacitor, for which reasonable agreement is seen between fitted capacitance and its stated
value, and using experimental data obtained from amorphous TiO2 nanotube arrays hierarchically grown
on Ti mesh electrodes. PITTmeasurements using the proposedmodel, and electrochemical impedance spec-
troscopy (EIS) yielded similar fitting parameters, with the exception of CEDL, which is too small to estimate
with PITT, and Rct/RΩ, which becomes inseparable when CEDL is small.

© 2019 Elsevier B.V. All rights reserved.
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1. Introduction

High-rate Li-ion battery electrodes, motivated by applications re-
quiring fast responding electrochemical energy storage without sig-
nificantly compromising energy density, are blurring the boundaries
between high energy electrochemical capacitors and high power Li-
ion batteries [1–3]. The engineering of these high rate electrode sys-
tems can benefit from analytical methods that can accurately attri-
bute measured stored charge to individual electrochemical charge
storage mechanisms, as this can guide the development path to-
wards a next generation of higher-rate electrochemical energy stor-
age devices.

In many cases high rate (fast) charge storage can be achieved
through using a combination of fast Faradaic processes (comprising,
for example, surface redox and intercalation reactions [4–8]) and elec-
tric double layer capacitance (EDLC) storage [2,9–14]. The former pro-
cesses are often referred to as pseudocapacitive [15], although the
definition of this term has been heavily debated in the past
[2,3,6,14–24]. In systems that exhibit both Faradaic and EDLC storage,
there has been increasing interest in separating the contributions of
the different storage mechanisms and analysing their individual kinet-
ics. Several methods have been proposed to achieve this separation
and, of thosemethods, cyclic voltammetry (CV) sweep rate dependence
[25–27] and step potential electrochemical spectroscopy [13,28,29]
(SPECS) are the most common, although other methods have also
been reported [10,30–35].

Potentiostatic/galvanostatic intermittent titration techniques
(PITT/GITT) are frequently used to characterise the kinetics of elec-
trochemical energy storage, with various electroanalytical models
[5,36–40] being used to analyse experimental PITT/GITT data. These
methods, which involve applying voltage increments, ΔE, and mea-
suring the time transients, I(t) (PITT) or applying current incre-
ments, ΔI and measuring the voltage transients, E(t) (GITT), make
assumptions about the nature of the electrochemical system and
may therefore yield erroneous results in electrochemical systems
where such assumptions are not valid [41]. For example, typically a
determination of chemical diffusion coefficients, Dchem, of an
electroactive ion such as Li+ from intermittent titration experiments
relies on the analytical solutions of the one dimensional diffusion
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Fig. 1.Modified Randles circuit with a finite volumeWarburg impedance, ZFVW, replacing
the standard Warburg impedance.

3C.A. Hall et al. / Journal of Electroanalytical Chemistry 850 (2019) 113379
equation with corresponding initial and boundary conditions that
can depend on the morphology of the physical system (e.g., the
size of host particles) [39,42,43]. Furthermore, analyses typically as-
sume that there is no structure or phase change in the electrode host
materials. Consequently, for phase change materials, Dchem of the
electroactive ion is undefined in the metastable two-phase potential
domain [41,44]. However, Han et al. concluded that phase field
models used to more accurately represent the ion dynamics in
phase changing materials can use values of Dchem estimated from
PITT and GITT experiments outside of the metastable phase change
regions [44].

Different storagemechanisms are not clearly evident in the data ob-
tained from PITT/GITT experiments, and hence information from other
sources is typically needed to inform on the appropriate model to use
in the analysis of data fromPITT/GITT experiments. Storagemechanisms
are often investigated in the frequency domain using electrochemical
impedance spectroscopy (EIS) and common models for diffusion
(e.g., Warburg diffusion [45] or any of the restricted diffusion models
based thereon) are typically only analytic in the frequency or Laplace
domain, making time domain analysis difficult. In this report, we follow
themethodology used by Churikov [46] andMontella [36] (based on the
work of Carslaw [47]), who derived a PITT model to investigate the ki-
netics of ion insertion into thin films. In following their methodology,
we instead derive an analytical PITT model from a Laplace domain
equivalent circuit model, intuited through EIS, for an electrochemical
system containing both a Faradaic insertion process and EDLC charge
storage.

The parameter space of this new two-mode storage model is ex-
plored in Sections 2.2 and 2.3, with a focus on determining when it
is necessary to use the two-mode storage model over simpler, single
process storage models. Finally, Section 3 reports comparisons be-
tween analysis using the proposed two-mode model and analysis
using EIS for two experimental systems: (i) amorphous titanium di-
oxide nanotube arrays hierarchically grown on titanium mesh
(TNTA@Ti mesh); and (ii) a commercially-available EDLC
supercapacitor.

2. Theoretical model

2.1. Time domain modelling from Laplace domain representations of a
modified Randles circuit

To derive a time-domain expression that describes the data obtained
from a PITT experiment, we followed the methodology introduced by
Churikov [46] and Montella [36], extending it to modified Randles cir-
cuit model descriptions of the electrochemical system. The methodol-
ogy entails the formulation of an equivalent circuit model in the
Laplace domain (comparable to the frequency domain equivalent cir-
cuits used to deconvolute EIS data) and the corresponding equation
for impedance. It then involves an inverse Laplace operation of the
equivalent impedance of this circuit, under the influence of a potential
step, to obtain a time domain model. Experimentally, the equivalence
of the PITT model and an EIS deconvolution using the equivalent circuit
onwhich the PITTmodel is derived assumes linearity of both the EIS and
PITT data [36],which is a reasonable assumption if both the EIS and PITT
perturbations are small.

A recurrent feature of research using Li intercalation materials is
the use of a Randles circuit [48,49], or modified Randles circuit in
which: (i) capacitive elements are replaced with constant phase ele-
ments; and (ii) a Warburg diffusion model replaced with a modified
restricted diffusion element to model charge storage [36]. The mod-
ified Randles circuit used in this paper is presented in Fig. 1. The
equivalent circuit incorporates a lumped series resistance, RΩ, a dou-
ble layer capacitance, CEDL, a charge transfer resistance associated
with the insertion of the electroactive species into the host material,
Rct and a finite volume Warburg element, ZFVW. The latter element,
variously called a finite space or open circuit Warburg element, can
model Li intercalation into a planar, thin film electrode [36,50,51]
and has an impedance, ZFVW, given by:

ZFVW ¼ Rd coth
ffiffiffiffiffiffi
τ s

p
ffiffiffiffiffiffiffiffi
τ s

p ð1Þ

where Rd is the diffusion resistance of the electroactive species in the
host material, s is the Laplace variable, and τ is the time constant, τ=
L2 ∕ Dchem, where L is the maximum distance the electroactive spe-
cies can diffuse into the host material, and Dchem is the diffusivity.
For simplicity, the effects of the solid electrolyte interphase were
not considered in this analysis, however they can be included in EIS
equivalent circuit models [52–55] and occasionally also in PITT ex-
perimental analyses [54].

The Laplace domain current, IðsÞ, for the circuit shown in Fig. 1 under
the influence of a potential step, ΔE, is given by:

I sð Þ ¼ ΔE

s RΩ þ 1

s CEDL þ 1

Rct þ Rd coth
ffiffiffiffiffiffi
τ s

p
ffiffiffiffiffiffiffiffi
τ s

p

0
BBBBBBB@

1
CCCCCCCA

ð2Þ

Given that no analogous inverse Laplace operation could be found,
the time domain current was expressed using the formal inverse La-
place operation:

i tð Þ ¼ L−1 I sð Þ� � ¼ 1
2πⅈ

lim
k→∞

Z γþi k

γ−i k
ⅇs t I sð Þⅆs ð3Þ

where IðsÞ is the current in the Laplace domain, t is time (where t N 0),
and γ is a constant such that all singularities of IðsÞ lie to the left of the
line of integration. It is shown in Appendix A that this integral is equiv-
alent to a semicircular path of infinite radius (as shown in Fig. A 1 of
Appendix A, taken from Fig. 10 of Carslaw and Jaeger [47]).

In applying the inversion formula, we note 2 points:

1) The contour integral, for which the full expression is shown in
Appendix A, contains poles in the complex plane where:

x tanx ¼
Rd 1−

CEDL RΩ x2

τ

� �

RΩ þ Rct 1−
CEDL RΩ x2

τ

� �� � ð4Þ

and from this,
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2) Assuming that a closed contour of integration has been chosen to
avoid these poles, and assuming the integral converges to Eq. (3)
(both proven in Appendix A), this integral can be replaced with
the residues of these poles.

The time domain equation, upon application of the theory of resi-
dues, is:

I tð Þ

¼ ∑∞
n¼1

2 RdΔE

f xnð Þ2 Rd Rct þ Rdð Þ þ 2− f xnð Þð Þ RdRΩ þ f xnð Þ Rct þ RΩð Þ2xn2
� � e

−t xn2

τ

ð5Þ

where:

f xð Þ ¼ 1−
CEDL RΩ x2

τ

� �
ð6Þ

andwhere xn are the roots of the transcendental Eq. (4). A full derivation
can be found in the Mathematica© file in the supporting information.

It can be seen that under the limiting conditions of infinitely re-
stricted diffusion or zero capacitive storage, Eq. (5) collapses into the
single process storage models. That is, as CEDL → 0:

lim
CEDL→0

I tð Þ ¼ 2
ΔE

Rct þ RΩ
∑∞

n¼1
Λ

Λ2 þ Λ þ x2n
e
−t xn2

τ ð7Þ

for Λ ¼ Rd

RΩ þ Rct
, where xn are the roots of

x tanx ¼ Λ ð8Þ

and as Rd → ∞:

lim
Rd→∞

I tð Þ ¼ ΔE
RΩ

e

−t
RΩ CEDL ð9Þ
(a)

(b)

(c)

(d)

(e

(f)

=≪

Fig. 2. Simulated PITT chronoamperometric curves, showing a dependence on Λ [(a), (c) and
insertion processes in comparison to double layer storage.
which are the equations derived by Churikov [46] and Montella [36],
and the equation for an RC circuit under the influence of a potential
step, respectively. These results are presented in more detail in
Appendix B.

2.2. Parameter space analysis

Fig. 2 shows how the shape of normalized PITT curves is modelled
for systems (a-b) dominated by capacitive charge storage (QEDLC ≫
QIns), (c-d) dominated by insertive charge storage QEDLC ≪ QIns, and
(e-f) when both charge storage mechanisms are of comparable magni-
tude (QEDLC = QIns). Fig. 2 also shows how the modelled PITT behavior
changes with Rd, Rct and RΩ (represented as the composite parameters
of Rct/RΩ, and Λ = Rd/(RΩ + Rct) [36]). Normalisation was achieved by
dividing the current transient I(t) by I(0) (the derivation of which is de-
scribed below) and time by τ, and by fixing QEDLC : QIns and either Λ or
Rct/RΩ.

Here, QEDLC and QIns were calculated via the integrals:

QEDLC ¼
Z ∞

0
IEDLC tð Þ dt and Q Ins ¼

Z ∞

0
IIns tð Þ dt ð10Þ

which are

QEDLC ¼ ΔE CEDL ð11Þ

and

Q Ins ¼
2 ΔE

Rct þ RΩ
∑∞

n¼1
Λ τ

Λ2 þ Λ þ xn2
� �

xn2
ð12Þ

Hence CEDL was set, for a desired ratio of QEDLC with respect to QIns

(QEDLC : QIns), by:

CEDL ¼ Q Ins

ΔE
QEDLC

Q Ins
ð13Þ
)

≫

(e); Rct/RΩ = 1], and Rct/RΩ [(b), (d) and (f); Λ = 1], and on the ratio of charge stored by
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That is, for an electrochemical system with a QEDLC 10 times greater
than QIns (QEDLC : QIns of 10 : 1), CEDL = QIns × 10/ΔE. Unless otherwise
specified, in Section 2 predominantly insertive charge storage (QEDLC

≪QIns) relates to aQEDLC :QIns of 1:1000,whereas predominantly capac-
itive charge storage (QEDLC ≫ QIns) relates to a QEDLC : QIns of 1000:1.
Elsewhere ‘QEDLC ≪ QIns’ and ‘QEDLC ≫ QIns’ have no fixed value, and are
used to indicate only that one mode of storage strongly outweighs the
other.

The I(0) values used for normalisation were established using the
initial value theorem (pg. 180 in [56]):

lim
t→0

I tð Þ ¼ lim
s→∞

s I sð Þ ð14Þ

for which the result is:

I 0ð Þ ¼ ΔE
RΩ

ð15Þ

It should be noted that as QEDLC → 0, this no longer holds, and I
(0) takes the form shown in Montella [36]:

I 0ð ÞCEDL¼0 ¼ ΔE
RΩ þ Rct

ð16Þ

When QIns dominates QEDLC [Fig. 2. (a) and (b)] the curves tend to-
wards the behavior described by Montella [36] and Vorotyntsev, Levi
and Aurbach [57]. When QEDLC dominates over QIns [Fig. 2. (e) and (f)],
the modelled behavior closely resembles that of a purely RC circuit
(i.e., Eq. (9)). Intermediate charge storage ratios [Fig. 2. (c) and (d)]
yield EDLC-like behavior in shorter time domains, but insertion-like be-
havior in longer time domains. It should be noted that the only condi-
tion where the Cottrellian approximation holds is for the
predominantly diffusion limited (see Fig. 2. (a) when Λ = 0.01) case
in the mid-range time domain.

Deviation from the ideal, insertion-only behavior is seen in Fig. 2. (a-
b), and is ascribed to 2 factors: (i) I(0) varying betweenmodels; and (ii)
≪

(a)

(b) (d)

(c)

Fig. 3. Simulated PITT chronoamperometric curves under limiting conditions, showing the beha
given by Eqs. (7) and (8), and (9), respectively. Chronoamperometric curves are graphed for diff
= 1) and Rct/RΩ (b) and (d) (in all cases Λ = 1).
effects of QEDLC, which, although small compared to QIns, occurs over a
sufficiently short time scale that the effects are non-negligible in the
very short time domain.

The difference in I(0) between our model and that proposed by
Montella in [36] affects the normalisation used in Fig. 2: when QEDLC ≪
QIns and Rct is non-negligible in comparison to RΩ, the normalisation fac-
tor calculated using Eqs. (15) and (16) can differ by orders of magni-
tude. For the case when QEDLC ≪ QIns, if Rct/RΩ = 0.01 then a similar
value of I(0) is obtained from Eqs. (15) and (16), however if Rct/RΩ =
100 then I(0) calculated using Eq. (16) (the form proposed by Montella
[36]) is ~100 times larger than an I(0) obtained from Eq. (15). The ef-
fects of differing I(0) normalisations can be clearly seen in Fig. 2. (b),
where larger Rct/RΩlead to lower normalized currents. In comparison,
taking the I(0) defined using Eq. (16), the curves in Fig. 2. (b) would
be indistinguishable from each other in all but the very short time do-
main, where the effects of QEDLC are evident.

Fig. 3. shows that in limiting cases (QEDLC ≪ QIns or QEDLC ≫ QIns)
the model is accurately described by the single process storage
models, which is corroborated mathematically in Appendix B. The
chronoamperometric curves of the limiting conditions QEDLC ≪ QIns

and QEDLC ≫ QIns were normalized by the ideal, single storage-
process chronoamperometric curves IIns and IEDLC, respectively.
Hence, an I(t)/IIns or I(t)/IEDLC value of 1 indicates that there is no dis-
crepancy between the single storage process model, and the two-
mode storage model. As described above, when QEDLC ≪ QIns the
chronoamperometric curves approach restricted diffusion insertion
[Eqs. (7) and (8); Fig. 3. (a-b)]. The deviation from ideal, insertion-
only behavior due to the effects of QEDLC can be seen in Fig. 3. (b),
where the deviation from differences in I(0) is avoided by instead
normalising with the insertion only storage model. It is evident in
Fig. 3. (a-b) that even as QEDLC becomes small in comparison to QIns,
there are only some intermediate time domains for which I(t) ap-
proaches IIns(t). When QEDLC ≫ QIns, the chronoamperometric curves
approach an RC circuit [Eq. (9); Fig. 3. (c-d)], and noticeable devia-
tion from the single process double layer storage occurs only in the
long time domain.
≫

vior of themodel approaching the single process insertion or double layer storagemodels
erent ratios of Rct, RΩ andRd, shownhere as varying ratios ofΛ (a) and (c) (in all cases Rct/RΩ
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2.3. Validity domain of single-process storage models

The equations presented for PITTmodelling of concurrent capacitive
and insertion charge storage are unwieldy and computationally inten-
sive, at leastwhen used for analysis of experimental data. This is primar-
ily due to the computation of the solutions of the transcendental
equation (Eq. (4)). Consequently, it is useful to determine when it is
necessary to rely on such a model, or when it can be disregarded in
favor of a single process storage model (i.e. Eqs. (7) and (8) or (9)).
For this analysis, a limiting error of ±1% was assumed, and if a single
process curve existed within this error limit for a given period of t/τ it
was considered a valid approximation for that period. This is repre-
sented in Fig. 4 by red (EDCL) and blue (insertion) regions.

Over short time scales, particularly where Rd is insignificant com-
pared to other resistances, an RC circuit is a good approximation for
most low and intermediate values of QIns with respect to QEDLC. How-
ever, experimental measurements at these time scales may be techni-
cally challenging due to limitations of the measurement apparatus and
the attributes of the measured electrochemical response (i.e., whether
the response is linear, the signal to noise ratio). In some cases
(e.g., series resistance dominated case as shown in Fig. 4 (a)) both
models are valid approximations. Specifically, in the series resistance
dominated case, this is to be expected as I(0) [Eqs. (15) and (16)] ap-
proaches ΔE/RΩ for both single process storage models when RΩ ≫ Rct.
Finally, for either single storage process to be valid over a large range
of t/τ values, charge storage associated with the dominant storage
mechanism must be much greater than that for the other mechanism
(e.g., ≥1000 times greater). Even in such cases, as is seen in the charge
transfer limited case [Fig. 4 (g)], this is still insufficient to ensure that
the expression for Iins is valid over shorter timescales.
0.01

R c
t
/ 
R Ω

0
.0

1
1

1
0

0

(a) (b)

(d) (e)

(g) (h)

Fig. 4. Validity domains (b1% error) for single-process storage models for varying QEDLC : QIns
3. Model validation

Themodel was validated using a mesh electrode system comprising
amorphous TiO2 nanotube arrays (TNTA) formed by anodising a Ti
mesh [58] and a 1 F EDLC supercapacitor. The TNTA@Timesh electrodes
provided a hierarchical arrangement of electroactive TiO2 and, while
this electrode has low areal capacity due to its low tap density, in com-
parison to other TNTA@Ti reported [59–71], it provides open access for
the electrolyte, therebyminimising Ohmic losses due to restricted diffu-
sion of Li+ in the electrolyte. Additionally, this experimental system is
advantageous given that: (i) the hierarchical structure of the self-
supported TNTAs on the Ti mesh current collector avoids the need for
binders or conductive additives, (ii) the nanotubes are maintained in
an amorphous form where they are not expected to undergo phase
changes during cycling of the TiO2 electroactive material [66,72], and
(iii) at potentials N1 V vs Li+/Li, TiO2 does not typically result in the for-
mation of any solid electrolyte interphase (SEI) [73–75], all of which can
complicate the electroanalytical analysis. It should be noted that while
these features simplify electroanalytical analysis, the nanotubular struc-
ture itself in deviating from a simple, planar geometry complicates such
an analysis. The planarity of the electrode is a core assumption of the fi-
nite volumeWarburg element used in the presentedmodel (the details
for which are expanded upon in Section 3.1). It is assumed here that
while the nanotubular structure is not planar, the insertion of Li into
the nanotube walls behaves in such a way.

Details of the electrode preparation, morphological and electro-
chemical characterisation of these TNTA@Ti mesh electrodes are in-
cluded in Supporting Information. While the TNTA@Ti mesh
electrodes achieve some EDLC storage, quantification of the double
layer storage was challenging due to its significantly smaller magnitude
Λ

1 100

(c)

(f)

(i)

ratios, for different ratios of Rd, Rct and RΩ, shown here as varying ratios of Λ, and Rct/RΩ.



Fig. 5. (a) Cyclic voltammetry results for a TNTA@Ti mesh electrode at a slow scan rate of
1 mV s−1, and (b) differential capacity, derived from PITT data, both showing broad, flat
peaks, indicative of Li-ion insertion into an amorphous material with no significant
phase changes.

Fig. 6.Nyquist plot of impedance in the complex plane of TNTA@Ti mesh at 1.7 V vs Li+/Li,
modelled using the equivalent circuit shown in Fig. 1with amodifiedfinite spaceWarburg
element (EC 1) and standard finite space Warburg element (EC 2).
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compared to the Li ion insertion storage and technical limitations of the
potentiostat in measuring I for very short t values. Consequently, PITT
data was also acquired from a 1 F EDLC supercapacitor to validate the
use of the two-mode storage model in analysing limiting cases when
QEDLC ≫ QIns.

3.1. Experimental

Half cells were prepared using a ~1 × 1 cm TNTA@Ti mesh as an
anode and a Li foil cathode. The procedure for the synthesis of TNTA@
Ti mesh is described in the Supporting Information. The TNTA@Ti
mesh and Li foil were placed in LIR2025 coin cell cases, separated with
a polypropylene separator, and soaked with 80 μL of 1 M LiPF6 in (1:1)
ethylene carbonate: ethyl methyl carbonate sourced from Sigma Al-
drich. Prior to assembly, the TNTA@Ti mesh electrodes were dried in
an oven at 60 °C in air for 4 h. Coin cells were prelithiated via cycling
galvanostatically between 1 and 3 V vs Li+/Li at 15 μA cm−2 for
2 cycles, corresponding to a 10 h charge/discharge, using an Ivium-n-
Stat multi-channel potentiostat/galvanostat.

After prelithiation, the cells were cycled galvanostatically between 1
and 3 V vs Li+/Li at current densities between 30 and 0.25 mA cm−2.
Following this, PITT experiments were performed using 25 mV steps
of 500 s duration from 3 to 1 V vs Li+/Li and then returning to 3 V. An
EDLC supercapacitor (Cooper Bussmann; 1 F, 2.7 V, 0.2 Ω) also
underwent PITT measurements, using a 25 mV potential step of 500 s
in duration, between 0.1 and 2.7 V.

Electrochemical impedance spectroscopy measurements were
performed at 100 mV intervals from 3 to 1 V vs Li+/Li and back to
3 V, with a 10 mV sinusoid and frequencies ranging from 1 MHz to
1 mHz. Between measurements, coin cells were held at a constant
potential for 500 s, before the next EIS measurement was recorded.
Analysis of EIS data was performedwith EC-Lab software. Two equiv-
alent circuit (EC) models were used to fit the EIS experimental data,
both assuming the modified Randles circuit shown in Fig. 1. The first
model (EC 1) used a modified finite volume Warburg element, with
impedance given by:

Z mod−FVW ¼ Rd
coth jωτð Þ

α
2

jωτð Þ
α
2

ð17Þ

where α ≤ 1. This model is a heuristic modification, reported by
Cabanel et al. [76], of the standard finite volume Warburg element
(in which case α = 1). The second model (EC 2) used the standard
finite volume Warburg element:

ZFVW ¼ Rd
coth

ffiffiffiffiffiffiffiffi
jωτ

p
ffiffiffiffiffiffiffiffi
jωτ

p ð18Þ

The physical basis for bounded diffusionwas reported byHuang [77]
for a range of electro-active particle geometries, including the finite vol-
umeWarburg model which describes, for the planar case, bounded dif-
fusion with a totally reflecting boundary.

3.2. Case study one (QEDLC ≪ QIns): TNTA@Ti mesh electrodes

In order to investigate the charge storage in the TNTA@Ti mesh
electrodes, CV was performed at a slow scan rate of 1 mV s−1. Repre-
sentative CV data are shown in Fig. 5a, taken from the second CV
cycle, which closely overlaid the first cycle and showed high coulom-
bic efficiency (N99.5%), indicating reasonable stability. No sharp
peaks are seen, which further indicates that TiO2 remains in an amor-
phous state while cycling, and that no phase change occurs. These
findings are in agreement with the trends seen in the differential ca-
pacity profile shown in Fig. 5b, which was derived from PITT data
(where the differential capacity was the capacity of the PITT tran-
sient), and with galvanostatic charge/discharge data (see Supple-
mentary Information), for which no voltage plateau exists.



Fig. 7. Experimental PITT obtained from a TNTA@Ti mesh electrode configured in a coin
cell. Potential increments of 25 mV were applied and each time transient was recorded
for a duration of 500 s. The red data points represent a numerical fit of the experimental
data with the analytical model of Eq. (5). The inset shows the PITT data and
corresponding fit at 1.7 V vs Li+/Li during the delithiation cycle.
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The kinetics of charge storage mechanisms in the TNTA@Ti mesh
electrodes were first investigated using EIS. Fig. 6. shows EIS data
taken at 1.7 V vs Li+/Li during delithiation, which is seen as the maxi-
mum of the broad peak in both slow rate CV and differential capacity
shown in Fig. 5. Models EC1 and EC2 were used for the fitting (see
Section 3.1). The more complex equivalent circuit, EC 1, is often used
to model the restricted diffusion evident in the low frequency region
of the Nyquist impedance plot in the complex plane. Since it was as-
sumed that Li ion diffusion would not be restricted by the relatively
open mesh, the deviation of the low frequency region from that pre-
dicted by the model EC 2 may indicate restricted Li ion diffusion in the
electrolyte inside the nanotubes. While model EC 1 was used for fitting
the experimentally measured impedance data, it was assumed that α
= 1 (under which conditions EC 1 becomes equivalent to EC 2) to
make it simpler to compare the results to those of the PITT
measurements.

The assumption that α = 1 in Eq. (17) (see Section 3.1) is not
valid under long duration PITT experiments because the current be-
gins to become restricted in a manner not consistent with the
Fig. 8. Comparison of τ (a), Λ (b), Rct/RΩ (c) and CEDL (d) estimated from the analysis of the EIS
measurements during lithiation (i.e., from 3 to 1 V vs Li+/Li), while the red symbols are indica
restricted diffusion of a species into a finite volume. Consequently,
the analysis of the PITT experimental data was restricted to durations
of b100 s to avoid the complexities arising from this restricted diffu-
sion (thought to be the result of restricted diffusion of the Li+ in the
electrolyte within the nanotubes, or perhaps from a distribution of
nanotube wall thicknesses [42]).

Fig. 7. shows the experimental PITT data with the inset showing
the experimental data and corresponding fit for a single step at
1.7 V vs Li+/Li during the delithiation cycle. Only the first 100 s of
data of each cycle were used for fitting, as at times longer than
100 s, the current had decreased to sufficiently low levels (see inset
of Fig. 7) that noise and the current resolution of potentiostat
began to have non-negligible effects. In fitting to this limited time
domain, it was assumed that the analysis was not affected by non-
ideal finite volume diffusion (seen, for example, in the low frequency
regime of Fig. 6.).

Values of CEDL, τ and resistances (Rct, RΩ, and Rd, represented as
the composite parameters of Rct/RΩ, and Λ) obtained from the analy-
sis of each of the EIS and PITT experimental data are compared in
Fig. 8. It can be seen that there is reasonable agreement in the values
of τ and Λ obtained from the PITT and EIS measurements, suggesting
that the proposed two-mode PITT model can reliably estimate the
diffusion properties of ions in the host materials (e.g., Dchem). On
the other hand, the values of Rct/RΩ and, to a greater extent, CEDL ob-
tained from the analysis of the PITT data are significantly more vari-
able than the values obtained from the EIS analysis. The difficulty in
accurately estimating CEDL using the proposed dual-model analysis is
due to: (i) the relatively insignificant contribution of QEDLC to I(t) in
comparison with QIns (in this case QEDLC : QIns is ~ 1: 104), making it
difficult to accurately quantify the contribution of QEDLC; and (ii)
the short time scales over which the double layer capacitance con-
tributes to the measurements, making it difficult to determine the
contributions of QEDLC with the experimental signal recording limita-
tions. These problems compound one another, and, when QEDLC is
sufficiently small in comparison to QIns, the effects of the capacitance
are evident only over very short times (i.e., represented by one or a
few measurement points, or possibly none at all). In such circum-
stances, the model tends towards the analysis presented byMontella
[36], and hence it is similarly difficult to distinguish between the in-
dividual contributions of Rct and RΩ. In situations where QEDLC ≪ QIns,
(round symbols) and PITT (asterisk symbols) experimental data. Blue symbols arise from
tive of measurements during delithiation (i.e., from 1 to 3 V vs Li+/Li).



Table 1
Comparison of fitted parameters from the PITT and EIS analysis, measured at 1.7 V vs Li+/
Li during delithiation, along with the standard error of the fitted values.

EIS PITT

τ (s) [α] 16.1 ± 0.03 [0.92] 27.9 ± 0.9
Dchem (cm2 s−1) 1.7 ± 0.4 × 10−13 1.0 ± 0.2 × 10−13

Rd (Ω) 39.6 ± 0.1 56 ± 4
Rct + RΩ (Ω) 30.6 ± 0.07 30 ± 1
CEDL (F) (1.56 ± 0.01) × 10−5 –
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and over observable timescales, using the model to predict CEDL and
Rct/RΩ becomes difficult as the effects of CEDL become vanishingly
small, and hence the error in the fitting of CEDL and Rct/RΩ becomes
unsuitably large.

Table 1 shows a comparison of τ, Dchem, Rd, Rct + RΩ and CEDL esti-
mated by a dual-model analysis of the PITT and EIS experimental data
at 1.7 V vs Li+/Li. The value of Dchem was calculated using τ = L2 ∕
Dchem, where L is half of the nanotube wall thickness, which was deter-
mined to be 17± 2.0 nm from a TEM analysis (see Supporting Informa-
tion). Standard errors for parameters fitted with EIS were calculated
using standard deviations of the residuals taken from EC-Lab. For values
of parameters fitted with PITT data using the model, standard errors
were computed using Matlab©'s nlparci function, using the residuals
and the Jacobian from the fits. It was not possible to obtain a statistically
valid estimate for CEDL from the PITT analysis due to the very large stan-
dard errors that resulted. Similarly, as discussed above, it was difficult to
individually estimate Rct and RΩ and so instead we have reported their
sum, Rct + RΩ, which was found to be in close agreement with EIS
measurements.

The difficulty of quantitatively characterising the capacitive regime
of the presented PITT data, using the proposed two-mode analysis or
any other analysis, is further evident in Fig. 9, which shows the PITT ex-
perimental data recorded at 1.7 V vs Li+/Li, alongwith simulated curves
produced using the fitted values of RΩ, Rd, Rct and τ from PITT analysis,
and a value for CEDL as either that determined by the EIS analysis (15.6
μF; red curve in Fig. 9) or 0 F (blue curve in Fig. 9). It is evident that,
when QEDLC ≪ QIns, the effects of CEDL are only evident over very short
timescales (e.g., in this case b10−4 s), and therefore have nomeasurable
impact on the PITT curves in the measurable timescale. As mentioned
Fig. 9. Experimental PITT obtained from a TNTA@Timesh anode at 1.7 V vs Li+/Li, with the
fitted curve using parameters as determined by PITT analysis with the exception of CEDL,
which is either set as 0 (blue), or assumed from the EIS analysis performed at 1.7 V vs
Li+/Li (orange).
earlier, deviation between the model and PITT experimental data can
be seen in the longer time domain (i.e., N100 s). This behavior may be
due to restricted diffusion of Li+ ions in electrolyte within the nano-
tubes, or from a distribution of nanotube wall thicknesses, and is nota-
bly also reflected in the lower frequency regime in EIS data (see Fig. 6).

From this result it can be concluded that the PITT analysis proposed
in this report has limited value where QEDLC ≪ QIns, and frequency do-
main techniques like EIS are required to estimate the capacitive contri-
butions to the charge storage and attribute individual resistive effects to
RCT and RΩ. The sensitivity of PITTmeasurements could be improved by
increasing the sampling rate and using more precise instruments
(e.g., with μs resolution), however the effects of non-instantaneous po-
tential steps (i.e. perturbation rise time) may become an issue with
these timescales, given the model assumes instantaneous potential
steps. Alternatively, if separation of QEDLC and QIns via an analysis of
PITT experimental data is not possible, values obtained by EIS analysis
can be used with Eqs. (11) and (12) to estimate the relative
contributions.

3.3. Case study two (QEDLC ≫ QIns): commercial supercapacitor

Given that, overmeasurable timescales, it is not possible to obtain
accurate estimates for CEDL when QEDLC ≪ QIns, the ability of the
model to quantify capacitive storage when QEDLC ≫ QIns was vali-
dated using a 1 F EDLC supercapacitor. Fig. 10 graphs the values of
CEDL and RΩ estimated for the EDLC supercapacitor from Eq. (5). Un-
like the TNTA@Ti mesh electrode example, reasonable agreement is
observed between the estimated values for CEDL and the nominal ca-
pacitance (1 F), suggesting that the model is capable of attribution of
charge storage to EDLC when QEDLC ≫ QIns or in the absence of any
intercalative charge storage. It is interesting to note that the esti-
mated CEDL increases with higher voltages for the supercapacitor.
This behavior was not evident for an electrolytic capacitor (see
Fig. S3) and so it is surmised that, at higher potentials, smaller
pores in the double layer carbon electrodes may be accessed by the
electrolyte leading to the higher value of CEDL.

The value of RΩ estimated from the dual-model PITT analysis (~0.75
Ω)was slightly larger than thenominated value of 0.2Ω, however this is
considered reasonable as additional resistancewas expected to be intro-
duced through the measurement process.

4. Discussion

It is widely acknowledged that the Randles' circuit, although use-
ful in its simplicity, is too rudimentary for most in-depth electroana-
lytical analyses [78–81]. Amodified Randles circuit was used here for
the Laplace domain representation of impedance to simplify the
mathematical complexity of the time domain expression to allow it
to be used for fitting experimental data. However it is noted that
this simplification does not perfectly describe most experimental
systems as evident in the deviation from fitted EIS data with even
the more complicated EC2.

It may be more appropriate, in determining a Laplace domain im-
pedance, to move beyond a Randles circuit to more complex models
that explicitly include the effects of (i) heterogeneous surface chem-
istry [82], (ii) surface morphology (be it spherical or cylindrical [83],
or a more complex, rough geometry [80]), and (iii) diffusion in the
electrolyte phase [81,84]. In doing so, it is expected that fitting,
both of EIS and PITT experimental data, will more closely match the
model, and that discrepancies of fitted values between EIS and PITT
will be decreased.

5. Conclusion

An electroanalytic model was developed for analysis of PITT experi-
mental data that captures both EDLC and Faradaic storage processes.



Fig. 10. Values of CEDL (a) and RΩ (b) values estimated from a dual-model analysis of the PITT experimental data obtained for a 1 F EDLC supercapacitor. Blue symbols arise from
measurements during discharging from 2.7 V to 0.1 V, while red symbols arise from measurements during charging from 0.1 V to 2.7 V.
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The resulting two-mode storage model was shown to be consistent
with single process storage analyses (i.e. EDLC or Faradaic) under
limiting conditions (infinitely restricted diffusion or zero EDLC stor-
age, respectively) and the parameter space of the model was ex-
plored for varying ratios of Λ, Rct/RΩ and QEDLC : QIns. Over shorter
times, the model behavior resembled that for EDLC storage, while
at intermediate and longer times the model was dominated by the
properties of Faradaic storage. Thus, the model may be used confi-
dently when it is undesirable to make assumptions on the type of
storage processes in analysis of PITT data, or when the system in
question is not accurately described by either of the limiting cases.
It was investigated under which conditions the simpler, single pro-
cess storage models were a valid approximation to the two-mode
storage model. It was seen that even for small ratios of QEDLC : QIns

(i.e., 1:1000), QEDLC still had a non-negligible impact in the shorter
time domains, implying that the proposed two-mode storage
model yields improved results over previous single process storage
models.

The limitations of the proposed two-mode storage model were ex-
plored using experimental systems comprising an amorphous TNTA@
Ti mesh electrode where QEDLC ≪ QIns and a 1 F EDLC supercapacitor.
The values of Rd, Λ and τ obtained from the developed PITT electroana-
lyticalmodel for the TNTA@Timesh electrodewere in reasonable agree-
ment with those estimated using EIS, however, through PITT
measurements it was not possible to estimate CEDL in the presence of
the substantial QIns over the observable experimental timescale. Conse-
quently, distinguishing the individual contributions of Rct and RΩ was
also not possible. This lead to the conclusion that, when QEDLC ≪ QIns,
the proposed two-mode storage model is a good investigatory tool,
yielding improved results over previous models used for PITT analysis,
but it has limited utility in estimating CEDL, and individually attributing
resistive contributions to Rct and RΩ unless very short time data can be
measured accurately. However, the ability of the two-mode storage
model to quantitatively attribute charge storage to capacitive processes
was demonstrated using an exemplar 1 F EDLC supercapacitor. In
performing thesemodel validations, this studyhas highlighted the com-
plexity that is incurred in accurately attributing charge storage to each
of double layer capacitive and ion-insertive processes for electroactive
materials.
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Appendix A. Convergence of integral path

It was stated in Section 2 that the formal inverse Laplace operation
is:

i tð Þ ¼ L−1 I sð Þ� � ¼ 1
2πⅈ

lim
k→∞

Z γþi k

γ−i k
ⅇs t I sð Þⅆs ðA1Þ

and that we could replace this integral with the closed, semicircular
contour.

lim
k→∞

Z γþi k

γ−i k
ⅇs t I sð Þⅆs ¼

Z
semicircle

ⅇs t I sð Þⅆs

¼
Z

arc
ⅇs t I sð Þⅆsþ lim

k→∞

Z γþi k

γ−i k
ⅇs t I sð Þⅆs

ðA2Þ

shown in Fig. A 1. To do so, we show that

lim
R→∞

Z
arc

ⅇs t I sð Þⅆs ðA3Þ

converges.
Given that there a countably infinite poles along the negative real

axis, we define the radius of the semicircle s= Reiθ, where−π ≤ θ ≤ π as

R ¼ −p2 π2

τ
ðA4Þ

for p=1, 2, 3,… so that itmisses the poles defined in Eq. (4). Taking the
rearranged form of Eq. (2):

I sð Þ ¼ ΔE CEDL Rd
ffiffiffiffiffiffiffiffi
s τ

p þ 1þ CEDL Rct sð Þ τ Tanh
ffiffiffiffiffiffi
s τ

p	 
� �
Rd 1þ CEDL RΩ sð Þ ffiffiffiffiffiffiffiffi

s τ
p

þ
s Rct þ RΩ þ CEDL Rct RΩ sð Þ τ Tanh

ffiffiffiffiffiffi
s τ

p	 

0
@

1
A

ðA5Þ

we see that on the semicircle, as p → ∞,

lim
p→∞

Tanh
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−p2 π2 eiθ

q �
→1 ðA6Þ

and hence we consider the behavior of

I sð Þ ¼ ΔE CEDL Rd
ffiffiffiffiffiffiffiffi
s τ

p þ 1þ CEDL Rct sð Þ τ� �
Rd 1þ CEDL RΩ sð Þ ffiffiffiffiffiffiffiffi

s τ
p þ s Rct þ RΩ þ CEDL Rct RΩ sð Þ τ ðA7Þ
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for which the largest power of s is s2 and exists in the denominator.

From this we conclude that Ið−p2 π2

τ
eiθÞ, where−π ≤ θ ≤ π, approaches

0 as p→ ∞, which allows us to replace the line integral of the formal in-
verse Laplace operationwith the closed, semicircular contour integral in
Fig. A 1. As a result, wemay then calculate the time domainmodel using
the calculus of residues (see Carslaw and Jaeger [47] pp. 78).

Fig. A. 1 Integration path made up of a semicircular arc and straight line parrallel to the
imaginary axis, taken from Fig. 10 of Carslaw and Jaeger [47].

Appendix B.Model behavior under limiting conditions

In order to assess the mathematical validity of the model, it is
shown here that under limiting conditions, the model collapses
into the single electrical double layer or Faradaic storage process
models. That is, the behavior of I(t) and the transcendental roots as
CEDL → 0 approaches the equations derived by Montella where dou-
ble layer capacitance is neglected [36], and the limiting behavior as
Rd → ∞ approaches the ideal behavior of a series connected RC circuit
under a potential step.

To study the limiting behavior as CEDL → 0, we take the dimen-
sionless kinetic parameter, Λ, reported byMontella [36], to represent
a ratio of interfacial and ohmic restrictions to diffusion restriction,
where:

Λ ¼ Rd

Rct þ RΩ
ðA8Þ

As CEDL → 0, the equation for the transcendental roots becomes:

x tanx ¼ lim
CEDL→0

Rd 1−
CEDL RΩ x2

τ

� �

RΩ þ Rct 1−
CEDL RΩ x2

τ

� �� �
0
BBB@

1
CCCA→ x tanx ¼ Λ ðA9Þ

which is the same as Eq. (25) in [36].
Then, as CEDL → 0, and making the substituting in Eq. (A8), I(t) be-
comes:.

lim
CEDL→0

I tð Þ ¼ lim
CEDL→0

∑∞
n¼1

2 RdΔE
f xnð Þ2 Rd Rct þ Rdð Þ

þ
2− f xnð Þð Þ RdRΩ

þ
f xnð Þ Rct þ RΩð Þ2xn2

e
−t xn2

τ

¼ 2
ΔE

Rct þ RΩ
∑∞

n¼1
Λ

Λ2 þ Λ þ x2n
e
−t xn2

τ

ðA10Þ

which is identical to Eq. (26) in [36].
As Rd → ∞, the transcendental Eq. (4) becomes:

x tanx ¼ lim
Rd→∞

Rd 1−
CEDL RΩ x2

τ

� �

RΩ þ Rct 1−
CEDL RΩ x2

τ

� �� � ðA11Þ

or, with rearrangement:.

x2

τ
¼ 1

RΩ CEDL
ðA12Þ

Eq. (A12), substituted into I(t) as Rd → ∞, yields:.

lim
Rd→∞

I tð Þ ¼ lim
Rd→∞

∑∞
n¼1

2 RdΔE
f xnð Þ2 Rd Rct þ Rdð Þ

þ
2− f xnð Þð Þ RdRΩ

þ
f xnð Þ Rct þ RΩð Þ2xn2

e
−t xn2

τ

¼ ΔE
RΩ

e

−t
RΩ CEDL

ðA13Þ

which is the well-known result for current response of an RC (series)
circuit under a potential step (assuming no initial charge).

Appendix C. Supplementary data

Supplementary data to this article can be found online at https://doi.
org/10.1016/j.jelechem.2019.113379.
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